Transient Thermoelastic Stress Fields in a Half-Space
Introduction
Thermomechanical phenomena due to frictional heating significantly influence the failure of components in contacts under relative motions ͑e.g., thermo-cracking of brakes and face sears, and scuffing in gears͒ ͓1͔. A component is generally subjected to two types of loading, mechanical and thermal, on the surface. The former consists of pressure and shear tractions, and the latter is caused by the frictional heating and results in the thermoelastic stress. The knowledge of the thermoelastic stress field in a component is essential for failure prevention and life prediction because the total stress consists of the thermoelastic stress and the elastic stress. This important concern can be found in many publications. Table 1 lists some of the significant work on thermoelastic stress analyses in half planes, half-spaces, and plates ͓2-17͔. Because thermoelastic problems are history dependent, they are classified into three cases ͓18͔ in order to identify the progress clearly: the transient-instantaneous case with a time-dependent heat source and results analyzed at an arbitrary time, the transientcontinuous case with a time-independent heat source and results analyzed at an arbitrary time, and the steady-state case with a time-independent heat source and results analyzed at an infinite time. Table 1 shows that the last case, the steady-state case, is well investigated for many different configurations. However, threedimensional analyses of the thermoelastic stress field in a halfspace are not available for the transient-instantaneous and transient-continuous cases. Furthermore, the contact pressure distribution due to rough surfaces and the corresponding frictional heating can hardly be described by an analytical expression. These situations make effective thermo-mechanical analysis of contact stresses unavailable to engineers. In this paper, the new micromechanics-based approach presented in ͓19͔ is used to obtain the frequency response functions ͑FRFs͒ of the thermoelastic field at any position of stationary or moving bodies. With the derived FRFs, the thermoelastic stress field inside a translating half-space with constant velocities is illustrated and discussed by using the discrete convolution and fast Fourier transform ͑DC-FFT͒ method ͓20-21͔ when a parabolic type or an irregularly distributed heat source is applied. Figure 1 shows a half-space subjected to frictional heating, the coordinate system, notations, governing equations of uncoupled thermoelastic problems and boundary conditions. The half-space is uniformly moving ͑translating͒ with Péclet numbers, Pe j ϭV j l/ ͑jϭ1 and 2͒, following a trajectory indicated by the white curved arrow. V j stands for the velocities, l is the characteristic length, and is the thermal diffusivity. When Péclet numbers are functions of time ͑this is assumed in the derivation for generality͒, effective velocities, d 1 and d 2 are defined with t, the current time, and , the time in the history,
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Otherwise Pe j and d j are identical. In this description, the heat source is fixed with respect to the coordinate system. The heat source on the surface, e.g., (x 1 Ј ,x 2 Ј,0), raises the temperature at any point of the half-space, ( 1 , 2 , 3 ), for example. The temperature rise field results in the thermoelastic field at all points, e.g., (x 1 ,x 2 ,x 3 ). Governing equations are expressed inside the double rectangle at the bottom of Fig. 1 , while boundary conditions are given inside the rectangle pointed to the surface of the half-space. The material properties of the half-space are the Poisson's ratio ͑͒, the shear modulus ͑͒ or the Young's modulus (Eϭ2(1ϩv)), the diffusivity ͑͒, the linear thermal expansion coefficient (␣ t ), and the thermal conductivity ͑K͒. A new approach for calculating the thermoelastic displacement on the surface of an elastic half-space has been recently developed ͓22-23͔, which treats the temperature field as an inclusion. Using the results obtained by Seo and Mura ͓24͔, the thermoelastic field caused by any temperature field can be expressed as
where
is the Newtonian potential of a distribution of matter of density, T, and
is the reflection transformation of I . Furthermore,
⌬⍀ in our problems is the entire half-space. It should be pointed out that the temperature rise appearing in Eq. ͑3͒ is at the location of (x 1 ,x 2 ,x 3 ), while that in Eqs. ͑4-5͒ are at the location of ( 1 , 2 , 3 ) to facilitate the integration. The temperature field in the hybrid domain ͑combined frequency, depth, and time dimensions͒ is expressed by Eq. ͑6͒ in ͓22-23͔,
where 1 and 2 are the angular frequencies in the frequency domain, ⌬tϭtϪ, and each ''ϳ'' means a Fourier transform operation ͑see the nomenclature͒. w is defined as a radius in the frequency domain, ͱ 1 2 ϩ 2 2 , and wЈ is an effective radius in the frequency domain,
In order to simplify the expressions in the following derivation, variable a is introduced,
It is obvious that a zero w or zero Péclet numbers lead to zero a. The normal thermoelastic displacement fields on the surface have been discussed in ͓19,22-23͔ for problems in a stationary and a translating half-space subject to regular or irregular heat sources. The thermoelastic field at any location of the half-space is determined in Eqs. ͑2-3͒ by the two potentials and their derivatives, as well as the temperature field. Fourier transform is used to reduce the amount of integration in Eqs. ͑4-5͒ and to find solutions in the frequency domain. If the heat source is a Dirac delta function, whose Fourier transform is unity, the corresponding solutions are named frequency response functions. By defining two variables,
and substituting the expression for T, and using convolution theorem, the first potential in the frequency domain can be written as, Transactions of the ASME
ͪͬ exp͑⌬ta͒d (11) where the error function and the complementary error function are defined in the nomenclature. The above integration with respect to 3 has two terms due to the absolute sign ͑see Appendix for details͒. The second potential is expressed as
Unlike Eq. ͑11͒, Eq. ͑12͒ drops the absolute sign straightforwardly, because both x 3 and 3 are always non-negative. It can be easily found from Eq. ͑12͒ that
Equations ͑11-12͒ are the general form of two potentials in an integral form. Note that variable ''a'' includes the effective velocities, which are expressed in an integral form as well whenever the Péclet numbers are time dependent. Numerical integration is usually necessary for Eqs. ͑1, 11, 12͒. However, when the velocities or Péclet numbers are constants, three important formulas can be further derived, which will be discussed in sections 3.1-3.3. Two-dimensional Fourier Transforms are applied to Eqs. ͑2-3͒, and the corresponding thermoelastic field in the frequency domain can be expressed as,
where the double Fourier transform is with respect to the surface, x 1 and x 2 ; while x 3 , the depth, is explicitly shown. Expressions in the frequency domain for the temperature field, two potentials, and the derivatives of I are derived in sections 3.1-3.3, where the velocities or Péclet numbers are assumed to be constants.
Transient-Continuous Cases.
When the heat source is not a function of time ͑i.e., a transient-continuous case͒, it can be pulled out from the kernels of the potentials in Eqs. ͑11-12͒. The remaining part can be integrated analytically. In order to make derivation concise, five additional functions are defined in the following
f Ϯ in Eqs. ͑16͒ equals ''erfc(wͱx)'' when x 3 ϭ0 and is ''exp (Ϯwx 3 )(1ϯ1)'' when x 3 0 and xϭ0. g Ϯ in Eqs. ͑17͒ equals ''erfc(ϮwЈͱx)'' when x 3 ϭ0 and is zero when x 3 0 and xϭ0. h is zero if x is zero. An indefinite integration function I(w,x 3 ,a,x) related to the two potentials in Eqs. ͑11-12͒ can be written as ͑see Appendix in
Therefore, for Transient-Continuous cases with constant Pe j , one can find
The derivatives of 5 II are expressed in Eqs. ͑13͒, and the derivatives of 5 I with respect to x 3 can be found through the following derivatives ͑see Appendix in ͓25͔͒,
Both I ,3 and I ,33 are zero when wϭ0 and aϭ0.
3.2 Steady-State Cases. Following the derivation for the Transient-Continuous cases, the temperature field, the two potentials and the corresponding derivatives for steady-state cases can be found by setting time to be infinity, T 5 ϭq 5 exp͑Ϫx 3 wЈ͒/wЈ (25)
5 ,33
Eqs. ͑13͒ are applicable again. The thermoelastic solutions presented in ͓6,9͔ are two-dimensional half plane solutions, which are identical to the expressions obtained by substituting Eqs. ͑25-29͒ into Eqs. ͑14-15͒ and setting 2 ϭ0.
Transient-Instantaneous Cases.
In addition to the twodimensional Fourier transform with respect to x 1 and x 2 , conducting the third Fourier transform to Eqs. ͑7,11-15͒ with respect to t results in the temperature field and the potentials for the TransientInstantaneous cases,
where 0 ϭͱi t ϩw 2 Ϫa,
and t is the counterpart of time in the frequency domain. The derivatives of the potentials can be easily found, and the thermoelastic field has the same expression as Eqs. ͑17-18͒ except that ''˜'' instead of ''Ϸ'' is used. With these expressions of T and for different cases in hand, the frequency response functions for thermoelastic field can be obtained from the two or three-dimensional Fourier transform of the right-hand sides of Eqs. ͑2-3͒ with a unity Fourier transformed heat source.
Numerical Results
The formulas developed above are used to investigate the stress field in a translating half-space with specified constant velocities, e.g., Pe 1 ϭ0 or 10 and Pe 2 ϭ0. The constant velocities in only one direction are chosen for exemplification, and readers are reminded that arbitrary velocities could be allowed in those formulas. The half-space has the following properties: Young's modulus of 2 ϫ10 11 Pa, Poisson's ratio of 0.3, thermal expansion coefficient of 11.7 m/m°K, thermal conductivity of 50.2 W/m°K, and thermal diffusivity of ϭ10 Ϫ4 m 2 /s. The characteristic length is l ϭ1 mm. The numerical method used here is same as that in ͓22-23͔, i.e., the discrete convolution and fast Fourier transform method ͑DC-FFT͒. A frequency response function may or may not be singular. If the absolute value of 1 and 2 at a node in the frequency domain is very small ͑e.g., рtwice of the corresponding Fig. 2 The von Mises stress "10 5 Pa… in the stationary or moving surface under the parabolic type of heat source: "a… t Ä0.01, "b… tÄ0.1, and "c… tÄinfinite.
intervals͒, the average value of a frequency response function over the element around the node is used instead of the frequency response function itself ͓26͔. Both transient-continuous and steady-state cases are numerically studied in this section. The thermoelastic stress fields due to the thermal effect alone are numerically calculated, and the results at tϭ0.01, 0.1 and infinite are shown in Figs. 2-7 and 9-10 and marked by labels ͑a͒, ͑b͒, and ͑c͒, respectively. The corresponding dimensional time ( t) moments are 10 Ϫ4 , 10 Ϫ3 , and infinite second.
Given Heat
Flux on the Surface. In this section, no surface traction is applied on the surface of the half-space, but a given heat flux is released constantly with regard to time. In this way, the characteristic of the thermoelastic stress alone could be shown in a progressive process. The heat source in the first analysis is a parabolic distribution over the region of x 1 ͓Ϫ1,1͔ and x 2 ͓Ϫ1,1͔ on the surface, qϭͱ1Ϫ͑x 1 /r 1 ͒ 2 Ϫ͑x 2 /r 2 ͒ 2 /10 (34) Fig. 3 The von Mises stress "10 5 Pa… in the cross section of x 2 Ä0 when the stationary or moving half-space is under the parabolic type of heat source: "a… tÄ0.01, "b… tÄ0.1, and "c… t Äinfinite. "a… tÄ0.01, "b… tÄ0.1, and "c… tÄinfinite.
with r 1 ϭ0.4 and r 2 ϭ0.2. The factor of 10 in the denominator of Eq. ͑34͒ makes the given value of the heat flux more realistic to engineering materials as shown in the results later. This heat source has a known two-dimensional Fourier transform
The results are plotted in Figs. 2-7 with uniform contour intervals for each Figure. The heated region is shown in gray. Figure 2 shows the evolution of the von Mises thermoelastic stress ͑due to the thermal effect alone͒ on the surface of a stationary ͑left column͒ or moving ͑right column͒ half-space. Around the origin, the contours of the von Mises stress have elliptical shapes that resemble the shapes of the heat source, although obvious shifts along the moving direction ͑indicated by an arrow͒ occur in the moving half-space. Figure 3 shows the von Mises thermoelastic stress in the cross section with x 2 ϭ0 and x 3 ͓0,0.5͔. The maximum values are on the surface in all circumstances and are barely affected by the motion of half-space. The stress components, 11 , 22 , and 12 , on the surface are shown in Fig. 4 for the stationary half-space and in Figs. 5-7 for the moving half-space. Other components are negligible. In Fig.   Fig. 5 The stress component, 11 "10 5 Pa…, in the moving surface under the parabolic type of heat source: "a… tÄ0.01, "b… t Ä0.1, and "c… tÄinfinite. Fig. 6 The stress component, 22 "10 5 Pa…, in the moving surface under the parabolic type of heat source: "a… tÄ0.01, "b… t Ä0.1, and "c… tÄinfinite. 4.1͑c͒, three additional results with tϭ5, 10, and 50 are depicted to show the evolution for a longer time. 22 could be identical to 11 rotated 90 deg if r 1 ϭr 2 and if the half-space were stationary. However, due to different r 1 and r 2 , 22 in Fig. 4 .2 are significant smaller than 11 in Fig. 4.1. 12 in Fig. 4 .3 has a butterfly-like contours and is anti-symmetric with respect to both the x 1 and x 2 axes. The two peaks ͑maximum contours͒ and two valleys ͑mini-mum contours͒ are located outside of the boundary of the heated region. When the half-space moves ͑Figs. 5-7͒, the contours of the stress fields no longer have symmetry or anti-symmetry with respect to the x 2 axis. Figures 6 and 7 show contours distorted toward the moving direction. The absolute values of the peaks and valleys on the positive x 1 side in Fig. 7 are smaller than that on the negative x 1 side. In the cross section with x 2 ϭ0, 12 and 23 approaches zero, while 33 and 13 are relatively small as compared to 11 or 22 . In all evolutions, the intersection points between contours and the Ϫx 1 , x 2 , or x 3 axis passing the origin are much closer to the origin in the moving half-space than in the stationary half-space. The fields corresponding to a short time ͑e.g., tϭ0.01͒ looks symmetric along a positively shifted x 2 axis in the moving half-space.
As mentioned before, the heat source over the interfaces of contacting rough bodies is generally irregular, as shown in Fig. 8 with x 1 ͓0,1͔ and x 2 ͓0,1͔ ͑128ϫ128 rectangular elements͒, which corresponds to the irregular pressure distribution obtained through a contact analysis ͓27͔ considering rough surfaces (RMSϭ0.21 m). In the second analysis, the irregular heat source shown in Fig. 8 is applied to the rough surface of a halfspace, which may be stationary or moving with Pe 1 ϭ10 and Pe 2 ϭ0. The roughness is neglected in the stress analysis. Thermoelastic stress analyses for the moving and stationary halfspaces are conducted and the results in terms of the von Mises stress are presented in Figs. 9-10 for the cross section of x 2 ϭ1/2 with x 3 ͓0,1/2͔ and for the surface, respectively. Two regions of heat source influence can be identified: the region right under the non-zero heat source ͑local region͒ and the neighborhood. The stress contours of the stationary or moving half-space in the local region are irregular corresponding to the irregular heat source ͑Fig. 8͒, and the stress fields in the neighborhood region have similar contour shapes ͑circles or distorted circles͒ to those in Fig. 2 indicating that the irregularity of the heat source has an effect only in the vicinity of the heated region. Similar to the first analysis in this section, the comparison between the two columns in Fig. 9 suggests that the intersection points between contours and the Ϫx 1 , x 2 , or x 3 axis passing the point ͑1/2, 1/2, 0͒ on the surface are much closer to that point in the moving half-space and the effective influence region of thermoelastic stresses is shallower when the half-space is moving.
Given Pressure Distribution.
The half-space under pressure loading and frictional heating yields both elastic and thermoelastic stresses. The heat source on the surface usually is the product of velocities, frictional coefficient, and pressure. In order to study the contribution of thermoelastic stresses to the maximum total von Mises stress in a typical tribological situation, the perfectly smooth surface of the half-space is subjected to a Hertzian pressure given as
which is similar to the parabolic distribution of Eq. ͑34͒. Three configurations are studied in this section. For a stationary halfspace, the heat source could be zero, therefore the problem is a pure elastic situation ͑configuration No. 1͒. However, frictional heat may also be produced from the motion of the counterpart,and certain amount of heat source may be specified for the stationary half-space The von Mises stress "10 6 Pa… in the cross section of x 2 Ä1Õ2 when the stationary or moving half-space is under the irregular heat source corresponding to the pressure distribution in Fig. 8 : "a… tÄ0.01, "b… tÄ0.1, and "c… tÄinfinite.
elastic configuration, the distributions of the von Mises stress have peaks located around x 3 ϭ0.12 with those given frictional coefficients. The inclusion of the thermoelastic stress makes the von Mises stress on surface higher and distorts the overall distribution ͑Fig. 11͒. For large frictional coefficient, the maximum is no longer in the substrate, but in the surface. Figures 12 and 13 show the maximum von Mises stresses and theirs depths with respect to frictional coefficients. It is clear that for the pure elastic configuration, increasing the frictional coefficient increases the maximum von Mises stress and brings its location close to the surface. However, when the thermoelastic stress is considered, small frictional coefficients tend to reduce the maximum total von Mises stress because the elastic stress field is dominant and the thermoelastic effect mainly contributes to 11 , 22 , and 12 , but not significant to 33 . It is interesting to observe that there is a certain value of frictional coefficient to achieve a minimum. Large frictional coef- Transactions of the ASME ficients ͑e.g., Ͼ0.2͒ increase the maximum total von Mises stress because the thermoelastic stress field is then dominant. When increasing the frictional coefficient from zero, the location of the maximum total von Mises stress goes deeper first and then becomes shallow again and eventually reaches the surface. When the half-space is moving, a jumping behavior happens at a frictional coefficient between 0.14 and 0.15. This behavior is reasonable because the stress peak in the surface due to the inclusion of the thermoelastic stress surpluses the stress peak in the substrate mainly due to the elastic stress. 
Conclusions
This paper reports the derivation of the expressions of the thermoelastic stress field in the frequency domain for a stationary or translating half-space. General formulas are expressed in the form of time integrals, and important expressions for constant velocities are given for the transient-instantaneous, transient-continuous, and steady-state cases. The thermoelastic stress fields inside a stationary or a moving half-space translating at a constant velocity are analyzed by using the discrete convolution and fast Fourier transform method.
The distribution of the heat source has a significant influence on the thermoelastic von Mises stress only in the vicinity of the heated region. The motion of the half-space distorts the symmetry of stress distributions. The maximum thermoelastic von Mises stress always appears on the surface of the half-space. The two principal stresses, 11 and 22 , are the dominant stress components, and the shear stress, 12 , is minor and anti-symmetric with respect to both the x 1 and x 2 axes. The effective influence region of thermoelastic stresses is deeper when the half-space is stationary. The influence of the friction coefficient on the combined elastic and thermoelastic von Mises stress due to surface tractions and the friction heating is not monotonic.
